We show that the triangulations of a finite point set form a flip graph that can be embedded isometrically into a hypercube, if and only if the point set has no empty convex pentagon. Point sets of this type include intersections of lattices with convex sets, points on two lines, and several other infinite families. As a consequence, flip distance in such point sets can be computed efficiently.
INTRODUCTION
A flip in a triangulation is the replacement of two triangles by two different triangles that cover the same quadrilateral. Flipping has long been important in the study of triangulations, both topologically (Wagner, 1936) and computationally via the discovery that repeated flips can be used to compute Delaunay triangulations (Lawson, 1972; Sibson, 1973) . However, much about flipping remains mysterious. In particular, it is not known how to compute efficiently the flip distance between triangulations, the minimum number of flips needed to transform one triangulation into another. The computational complexity of flip distances is open even for convex point sets, although tight bounds are known (Sleator, Tarjan, and Thurston, 1988) . For nonconvex points, problems of flip distance may be more complicated and distances need not be linear (Bose and Hurtado, 2006; Hanke et al., 1996; Hurtado et al., 1999) ; in higher dimensions flip distance is not always even finite (Santos, 2000) .
The metric space of triangulations and flip distances can be represented combinatorially as a graph, the flip graph, that has a vertex per triangulation and an edge per flip between two triangulations (Figures 1 and 14) . Finding flip distances is a simple matter of finding shortest paths in this graph; however, the flip graph is generally too large to construct explicitly. Triangulations of convex point sets correspond by planar duality to binary trees, and flips correspond to tree rotations; from this point of view, the flip graphs of convex point sets have been shown to be skeletons of polytopes, called associahedra or Stasheff polytopes (Figure 14 ; Stasheff, 1963; Tamari, 1962) . Flip graphs of regular triangulations of nonconvex point sets (projections of higher dimensional convex hulls) can also be represented as skeletons of secondary polytopes (Billera et al., 1990; Gel'fand et al., 1989) but those flip graphs exclude some triangulations of the point set, and include triangulations that omit some of the given points, which we disallow.
In this paper we study flip distances and flip graphs of highly nonconvex point sets, those in which no five points of the set form the vertices of an empty pentagon. Rabinowitz (2005) has called this property of having no empty pentagon the "pentagon property". It is known (a relative of the famous Happy Ending problem of Erdős and Szekeres, 1935 ) that sets of ten or more points in general position must always have an empty pentagon (Harborth, 1978) , but our results apply to point sets not necessarily in general position; for instance, the intersection of the integer lattice with any bounded convex subset of the plane forms a set with no empty pentagon. We show that the flip graph of any point set with no empty pentagon is a partial cube, a graph that can be embedded isometrically into a hypercube (Djoković, 1973) . Conversely any point set with an empty pentagon cannot have a flip graph that is a partial cube. Via this characterization, flip distances for triangulations of point sets without empty pentagons may be calculated easily and efficiently.
Emo Welzl, in an invited talk at Graph Drawing 2006 (Welzl, 2007) , claimed that, for any n × n grid of points in the plane, the flip graph of the grid can be represented (not necessarily isometrically) as an induced subgraph of a hypercube (see also Kaibel and Ziegler, 2003) . This is a special case of our result, and was the original inspiration for the investigations reported herein. 
NEW RESULTS
We prove the following results:
• A point set has exactly one triangulation if and only if it has no empty quadrilateral. Moreover, the point sets having this property are exactly the vertex sets of planar graphs with dilation one; in previous work we completely classified these sets.
• The flip graph of a point set forms a partial cube if and only if the point set has no empty pentagon. Moreover, the point sets having this property are exactly those for which another associated geometric graph, the quadrilateral graph, is a forest.
• If a set of n points has no empty pentagon, it has O(n 2 ) empty quadrilaterals. There exist point sets for which this bound is tight.
• We can find an empty pentagon in a set of n points, if one exists, or if there is no empty pentagon construct the quadrilateral graph, in time O(n 2 ).
• If a set of n points has no empty pentagon, then we may compute the flip distance between any two triangulations of the point set in time O(n 2 ).
• We provide a polynomial-time-computable lower bound on the flip distance between triangulations in any point set. When the point set has no empty pentagon, or consists solely of the vertices of a pentagon, this bound is exactly equal to the flip distance. However this bound is inaccurate for any point set containing an empty hexagon. It would be of interest to characterize more precisely the point sets on which this bound is tight.
In addition we provide examples of point sets having no empty pentagon. They include: any intersection of a lattice with a convex set, any set of points on two lines, any set of points on three rays with coincident apexes and no concave angle, and several other families and sporadic examples. 
GEOMETRIC DEFINITIONS
For any point set P , let CH P denote the (closed) convex hull of P . If CH(P \ {a}) = CH P we say that a is a vertex of the hull. Let |P | denote the cardinality of P . We say that P contains an empty k-gon if there exists a subset S of P with |S| = k such that P ∩ CH S = S and such that each point of S is a vertex of CH S. In particular we say that P contains an empty quadrilateral when this can be done for k = 4 and that P contains an empty pentagon when this can be done for k = 5.
We define a diagonal of P to be a line segment ab such that P ∩ CH{a, b} = {a, b}; that is, in the notation above, it is an empty 2-gon. A triangulation of P is any graph having as its vertices all the points of P and as its edges a maximal set of diagonals that do not cross each other. Any such graph must have triangles as its internal faces, and CH P as its external face.
In addition, we define the following geometric graphs for a point set P :
• Let DT P denote the Delaunay triangulation of P , in which an edge is present if and only if there exists a closed circle containing no other points of P . We will only consider Delaunay triangulations of point sets in which no four points are cocircular, so the Delaunay triangulation is uniquely defined.
• We define the quadrilateral graph QG P to be a graph having a vertex for each diagonal of P , and an edge connecting diagonals ab and cd whenever line segments ab and cd cross and {a, b, c, d} form the vertices of an empty quadrilateral ( Figure 2 ).
• Let FG P denote the flip graph of P , a graph with a vertex for each triangulation of P and an edge connecting two triangulations that differ by a single flip: the removal of one diagonal and its replacement by another diagonal. Observe that the two diagonals involved in a flip must necessarily be connected by an edge in the quadrilateral graph.
The flip distance between any two triangulations is defined to be the minimum number of flips needed to transform one triangulation into the other, or equivalently the unweighted distance between the corresponding vertices in the flip graph.
A Delaunay flip of a diagonal ac is a diagonal bd such that bd crosses ac and such that bd belongs to DT{a, b, c, d}. Any triangulation that is not Delaunay can be transformed into the Delaunay triangulation by replacing diagonals according to a sequence of Delaunay flips (Lawson, 1972; Sibson, 1973) . Thus, in any point set, each diagonal that is not itself part of the Delaunay triangulation has at least one Delaunay flip.
PARTIAL CUBES
A partial cube (Djoković, 1973) is a graph that can be embedded isometrically into a hypercube. That is, if G is a partial cube, we can label each vertex of G with a bitvector, in such a way that unweighted distance in G equals Hamming distance of labels. Thus, a partial cube structure on a graph enables us to look up distances between vertices easily; see e.g. Chepoi et al. (2002) for data structures using partial cube embeddings to compute distances in certain graph families. Although much is known about partial cubes, we need only some simple observations about them:
• Any partial cube is isomorphic to an induced subgraph of a hypercube, and therefore bipartite.
• Any tree is a partial cube. To find a partial cube labelling of a tree, choose a root, label each vertex v by vector of bits, one bit per edge, and set the bit value for edge e in v's label to 1 if e belongs to the path from v to the root and 0 otherwise.
• The Cartesian product of partial cubes is another partial cube. The labels for vertices in the product can be formed by concatenating the labels from the factors of the product.
• If G is a partial cube, and G ′ is embedded isometrically into G, then G ′ is also a partial cube. The labels for the vertices of G ′ can be copied from the labels of their images in G.
QUADRILATERALS, DILATION, AND UNIQUE TRIANGULATION
As a warmup to our main result (Theorem 2) we prove a similar result for point sets with no empty quadrilateral. If G is a graph embedded as a straight line drawing in the plane, and we define the length of each edge in G to be the Euclidean distance between its endpoints, then the dilation of a pair of vertices u, v in G is the ratio between their distance in G and their Euclidean distance. The dilation of G is the maximum dilation of any two of its vertices. A graph has dilation one ( Figure 3 ) if and only if, between any two vertices, there exists a path connecting them that lies entirely along the line segment between them.
Theorem 1. The following conditions are equivalent for a finite point set P :
1. P has no empty quadrilateral.
2. QG P is an independent set.
3. P has only one triangulation. 4. P is the set of vertices of a non-crossing embedded graph with dilation one.
Proof. It is simplest to prove that the complements of these conditions are equivalent.
(1 ⇒2): If P has an empty quadrilateral, the two diagonals of this quadrilateral form an edge in the quadrilateral graph.
(1 ⇒3): If P has an empty quadrilateral, there exist triangulations including the boundary edges of the quadrilateral and either one of its two diagonals; therefore P has more than one triangulation.
(1 ⇒4): If P has an empty quadrilateral, it cannot be the set of vertices of a dilation-one graph, as it is impossible to connect the two opposite pairs of quadrilateral vertices without another vertex at the point where the diagonals cross.
(2 ⇒1): If QG P has an edge, its endpoints correspond to two crossing diagonals in P , and the four endpoints of these diagonals form an empty quadrilateral.
(3 ⇒1): If P has more than one triangulation, then perturb the point set by an affine transformation if necessary so that the Delaunay triangulation is unique, and therefore that at least one of the triangulations is not Delaunay. This non-Delaunay triangulation has a flip, and the endpoints of the flipped edges form an empty quadrilateral.
(4 ⇒3): Suppose P is not the vertex set of a dilationone graph, and let T be any triangulation of P . By the assumption that T does not have dilation one, there exists a pair of vertices in P such that no path of T lies along the line segment connecting these two vertices; let ab be the closest such pair. Then there can be no point of P on line segment ab, for if such a point c existed then ac or bc would be a closer pair. Thus, ab must be a diagonal of P . Therefore, there exists a triangulation containing ab, which is different from T . In previous work (Dujmović et al., 2006; Eppstein, 1997) we classified all point sets that can be vertex sets of dilationone planar graphs. They are:
• n collinear points (point sets with no empty triangle).
• n − 1 points on a line, and one point off the line.
• n − 2 points on a line, and two points on opposite sides of the lines, such that the n − 2 points and the two points have disjoint convex hulls.
• n − 2 points on a line, and two points on opposite sides of the lines, such that the n − 2 points and the two points have convex hulls that intersect at one of the n − 2 points on the line.
• A set of six points of a type shown in Figure 3 .
PENTAGONS AND PARTIAL CUBES
Any point set can be perturbed by a suitably chosen affine transformation in such a way that no four perturbed points are cocircular, without changing the orientation of any triple of points. In particular, such transformations preserve the flip graph of the point set. For this reason, we can assume when necessary throughout this section that the point set under consideration has no four cocircular points. With this assumption, we can orient each edge ab-cd of QG P from ab to cd whenever DT{a, b, c, d} has cd as its diagonal. In the next sequence of lemmas we show that the assumption of no empty pentagon causes QG P to have a particularly simple structure: it is a forest in which the edges in each tree are oriented towards a single vertex representing an edge of DT P .
Lemma 1. If a point set P contains two empty quadrilaterals that share two edges, then P contains an empty pentagon.
Proof. Let the two quadrilaterals have vertices {a, b, c, d} and {a, b, c, e}. Since neither d nor e can be contained in the other quadrilateral, two edges of these quadrilaterals must cross, without loss of generality that cd and ae, as shown in an empty pentagon, for its hull is the union of CH{a, b, c, d} and CH{c, d, f }, and there can be no point other than c, d, and f within the latter triangle as such a point would form a smaller angle than f , contradicting the choice of f as minimizing angle cdf .
Lemma 2. Suppose that point set P contains no empty pentagon, that a, b, c, d are the vertices of an empty quadrilateral in clockwise order, and that {a, c, e} are the vertices of an empty triangle. Then e is contained either in the wedge bounded by lines ab and ad opposite abcd, or in the wedge bounded by lines bc and cd opposite abcd.
Proof. For any other placement, abce or aecd would be an empty quadrilateral and we could apply Lemma 1.
An example of the lemma, showing the two wedges in which e must be contained, is illustrated in Figure 5 . If ac − ef is any edge in the quadrilateral graph of P , with ef = bd, then by Lemma 2 we must have e and f belonging to two wedges (necessarily one in each wedge). Each wedge is bounded by a ray through a or c originating from a point b or d within O; therefore the boundaries of these wedges, and the wedges themselves, are exterior to O ( Figure 6 ). Since O is an empty circle for ac among the set of four sites {a, c, e, f }, ac must be an edge of DT{a, c, e, f } and ef cannot be a Delaunay flip for ac.
Lemma 4. If point set P contains no empty pentagon, QG P is a forest.
Proof. We perturb P by an affine transformation if necessary so that no four points are cocircular; this perturbation does not change QG P . For each edge ac-bd of QG P , either bd is a Delaunay flip of ac or vice versa. We orient each edge from ac to bd if bd is the Delaunay flip of ac, and the other orientation otherwise. Repeated Delaunay flipping must always lead to the Delaunay triangulation (Lawson, 1972; Sibson, 1973) , so this orientation is acyclic and (by Lemma 3) has at most one outgoing edge per vertex. Therefore each connected component of QG P is a tree and QG P is a forest.
Lemma 5. If point set P contains no empty pentagon, and T is any triangulation of P , then T contains exactly one edge from each tree in QG P .
Proof. We perturb P by an affine transformation if necessary so that no four points are cocircular; this perturbation does not affect the statement of the lemma. According to the orientation from the proof of Lemma 4, each tree in QG P has a unique Delaunay edge, so the lemma holds when T is the Delaunay triangulation. For arbitrary T the result follows by induction on the number of flips needed to reach the Delaunay triangulation.
Lemma 6. Let P have no empty pentagon and no four cocircular points, and let abc be an empty triangle that is not part of DT P . Then one vertex of abc is an endpoint of the Delaunay flip of the opposite edge. Proof. If c is an endpoint for the Delaunay flip for ab, the result holds; otherwise, suppose that the Delaunay flip for ab is de. Swap the names of points a, b or of points d, e if necessary so that ac crosses the boundary of quadrilateral abde on edge be (Figure 7 ). Let f be the point of P in triangle abe minimizing angle abf , with ties broken in favor of the point closest to c; then abcf is an empty quadrilateral. Moreover, angle af c exceeds angle aeb, and angle abc exceeds angle adb, so af c + abc > aeb + adb > π and bf is a Delaunay flip for ac; therefore, b is an endpoint for the Delaunay flip.
Define the flip number #ab of a diagonal ab in a point set P with no four cocircular points to be the minimum number of flips needed to reach a triangulation containing ab from DT P . If ab is a Delaunay triangulation edge, define #ab = 0.
Lemma 7. Let P be a point set with no empty pentagon and no four cocircular points. Suppose that abc and acd are empty triangles, intersecting only on non-Delaunay edge ac, such that #ac ≥ max{#ab, #bc, #cd, #ad}. Then bd is the Delaunay flip of ac.
Proof. If ab and bc are both Delaunay edges, then any sequence of Delaunay flips that produces the Delaunay triangulation from some triangulation containing ac must eventually flip ac, without ever flipping ab and bc; therefore b is an endpoint of the Delaunay flip for ac. If on the other hand ab is not a Delaunay edge, then b must be an endpoint of the Delaunay flip for ac, for otherwise by Lemma 6 ac would be an edge of the convex hull of the four vertices forming the Delaunay flip for ab or bc, so any flip sequence producing that edge from the Delaunay triangulation would have to contain ac before its final step, contradicting the assumption that #ac ≥ max{#ab, bc}. Thus regardless of which edges are Delaunay, b is an endpoint of the Delaunay flip for ac. By a symmetric argument d is also an endpoint of the Delaunay flip; therefore the flip is bd.
Theorem 2. The following three conditions are equivalent for a finite point set P :
1. P has no empty pentagon.
2. QG P is a forest.
3. FG P is a partial cube.
Proof. (2 ⇒ 1): If QG P is a forest, P must have no empty pentagon, because the diagonals of an empty pentagon would form a cycle of five vertices in QG P , but a forest has no cycles.
(1 ⇒ 2): Lemma 4.
(3 ⇒ 1): If FG P is a partial cube, P must have no empty pentagon, because the diagonals of an empty pentagon can be flipped one for another to form a cycle of five vertices in FG P , but every partial cube is bipartite.
(1 ⇒ 3): In the remainder of the proof we show that, if P has no empty pentagon, FG P is a partial cube. Let Π be the partial cube formed as the Cartesian product of the trees in the forest QG P . A vertex in Π can be identified by selecting one vertex for each tree in QG P . By Lemma 5, any triangulation T has one diagonal corresponding to a vertex in each tree of QG P , so T corresponds to a vertex in Π. We show below that this identification of triangulations with vertices in Π is isometric, by showing both upper and lower bounds relating flip distance to distance in Π.
We begin by showing that flip distance is at least equal to distance in Π. If two triangulations T1 and T2 differ by a flip, then the vertices in QG P representing their sets of diagonals differ only in a single tree of QG P , and their images of T1 and T2 in Π are adjacent. More generally, let T1 and T2 be any two triangulations of P , at flip distance δ. In any sequence of δ flips changing T1 to T2, each flip corresponds in Π to an adjacency between vertices, so (by the triangle inequality for distances in Π) the distance between the images of T1 and T2 in Π is at most δ.
To complete the proof, we show that flip distance is at most equal to distance in Π, by showing that any two triangulations can be connected by a short sequence of flips. Suppose T1 and T2 have images in Π that are δ apart. We perturb the input by an affine transformation if necessary so that no four points are cocircular and we can define Delaunay flips and flip numbers; let ab be the edge in the symmetric difference of T1 and T2 maximizing #ab. The two triangles based on this edge meet the preconditions of Lemma 7, so there exists a Delaunay flip of ab in the triangulation Ti containing ab. This Delaunay flip must change Ti to a triangulation in which the representative vertex in QG P is closer than ab to the representative vertex in the other triangulation, so the flipped triangulation has distance δ − 1 from the other triangulation. By repeating this choice of flipping the edge with the maximum flip number, we can find a sequence of δ flips that transforms T1 to T2, so the flip distance is at most equal to δ. Since the flip distance and the distance in Π are both upper bounded by the other, they are equal. Since we have embedded FG P isometrically in a partial cube Π, FG P is itself a partial cube.
For a point set P with no empty pentagon, QG P has a number of edges less than its number of vertices, as it is a forest. Thus, in such a point set, there can be at most O(n 2 ) empty quadrilaterals. The example of n/2 points on each of two parallel lines shows that this quadratic bound is tight.
EXAMPLES
We describe briefly some examples of finite point sets without empty pentagons, showing that they exhibit great variety despite the need for some collinearities. We do not have a complete classification of such sets, but they appear to allow significantly greater complexity than the point sets without empty quadrilaterals classified in earlier work and described earlier in this paper.
• Any point set with no empty quadrilateral clearly also has no empty pentagon.
• If P is a point set with no empty pentagons, and C is any convex set in the plane, then P ∩ C again has no empty pentagons. In addition, any projective transformation of P that preserves the orientation of all its triangles results in a point set with no empty pentagons.
• The union of two lines has no convex pentagons at all, let alone empty convex pentagons. The same is true for three rays with a common apex forming no concave angle, two wedges each contained in the complementary wedge of the other, a single wedge and a line segment contained in the complementary wedge, or the vertices of a convex quadrilateral and a line segment connecting two opposite sides of the quadrilateral (Figure 8) . P can be chosen as any finite subset of such a union.
• Any lattice in the plane (for instance the lattice of points with integer coordinates) has no empty pen-tagons (Arkinstall, 1980; Klosinski et al., 1991; Larson and Gilbert, 1993) ; the stronger assertion that any lattice pentagon has another lattice point within the smaller pentagon formed by its inner diagonals has supposedly appeared as a problem in the Russian mathematics olympiad, and can be solved by a simple case analysis (Figure 9 ).
Thus, intersecting the lattice with a bounded convex set results in a finite set P without empty pentagons. One may also remove from P any points on the boundary of the convex hull of P , without changing the property of having no empty pentagons. To see this, suppose that E is any empty convex polygon in P . One may transform the point set by an affine transformation, in such a way that the lattice from which P is formed is the integer lattice and such that two consecutive edges of E are horizontal and vertical respectively. From this point, a simple case analysis considering which nearby points may have been removed shows that E can have at most one other vertex; we omit the details. An example of a flip graph for a point set formed from a 3 × 3 square subset of a lattice can be seen in Figure 1 .
• The point sets in Figure 10 , derived from nested regular polygons, do not have any empty pentagons. In each case an additional level of nesting would lead to an empty pentagon.
• Let P be a finite subset of the union of two lines, and let Q be a finite subset of a single line, such that any empty triangle of P contains a point from Q. Then P ∪ Q contains no empty pentagons, for any pentagon must have three noncollinear vertices from P and some point from Q would cause it to be nonempty (Figure 11) . Similar constructions are possible in which P is a subset of one of the other pentagon-free configurations in Figure 8 , and Q is an appropriate subset of a line segment between the two components of the configuration; we omit the details. 
FINDING PENTAGONS AND FLIPS
Our classification of point sets with no empty convex quadrilateral allows us to determine whether a point set has an empty quadrilateral, in linear time. For larger constant values of k, an algorithm of Eppstein et al. (1992) allows the existence of an empty convex k-gon to be determined in time O(n 3 ). We now describe a simple technique that solves the problem of testing for the existence of an empty pentagon more quickly, in O(n 2 ) time.
Lemma 8. Let q be the unique point with minimum ycoordinate in a point set P , and suppose that the remaining points are given in sorted order according to the slopes of the lines they form with q. Then we can find an empty pentagon in P with q as one of its vertices, if such a pentagon exists, in linear time.
Proof. If two points in P form the same slope with q, remove all but the point nearest q; this does not change the existence of an empty pentagon with q as vertex, because none of the removed points can be in an empty polygon with q. Connect the remaining points by a polygonal chain in the sorted order, and connect the ends of this chain to q; this forms a simple polygon each point of which is visible from q. As long as this polygon contains a concave vertex other than q, simplify the polygon by removing such a vertex and adding a diagonal connecting its two neighbors; this simplification process produces a partition of the initial polygon into a collection of triangles, disjoint from q, and a pseudotriangle of which q is a vertex (Figure 12 ). The planar dual graph of this partition is a tree, with the pseudotriangle containing q as root, and each triangle of this partition is visible from q through the triangle edge connecting it to its parent in this dual tree.
We assert that P has an empty pentagon, with q as vertex, if and only if some two adjacent triangles in this partition (neither having q as vertex) form a convex quadrilateral. In one direction, it is clear that any such quadrilateral forms with q a convex pentagon. In the other direction, suppose that there is no convex quadrilateral of this type, and consider any four points a, b, c, d in P \ {q}. As the diagonals added in constructing our partition form an outerplanar graph, some two of these points, say a and b, must not be connected by a diagonal of the partition. Let A be the region containing a that is closest to q in the partition, and similarly let B be the region containing B that is closest to q. Let U denote the path in the tree dual to the partition connecting A to B, corresponding to a collection of regions in our partition (shown shaded in the figure), and connect a to b by a path u of diagonals along the part of the boundary of U farthest from q. Then, by the condition that no two adjacent triangles in the partition be convex, u follows a concave angle at each of its vertices, and u together with edges qa and qb forms a pseudotriangle. As CH{q, a, b} is nonempty, a, b, c, d, and q cannot form part of an empty pentagon. Therefore, there can be no empty pentagon with q as boundary.
The partition into triangles, and the test for the existence of two adjacent triangles forming a convex quadrilateral, are easily performed in linear time.
Theorem 3. We may test whether any set of n points contains an empty pentagon, in time O(n 2 ).
Proof. We rotate the point set if necessary so that no two points have the same y-coordinate. We then apply Lemma 8 to each point q in the point set, and to the set of points having larger y-coordinates than each q. The sorted orders around all points may be found in time O(n 2 ) by constructing the projectively dual arrangement of lines, as is standard in computational geometry algorithms; we omit the details.
Theorem 4. If a set P of n points has no empty pentagon, we can construct QG P in time O(n 2 ).
Proof. We perform a similar construction as in the algorithm for finding an empty polygon, rotating the points so that no two have the same y-coordinate, sorting the points above each point q radially around q, and triangulating the polygon formed by connecting the points in this radial order. A similar argument to that in Lemma 8 shows that, in an input set with no empty pentagon, a set of four points forms the endpoints of the diagonals in a flip, with q having the minimum y-coordinate of the four points, if and only if the other three points form one of the triangles in the triangulated polygon.
COMPUTING AND ESTIMATING FLIP DISTANCE
From the partial cube embedding in Theorem 2 it follows that the flip distance between two triangulations T and T ′ in a point set P with no empty pentagon may be computed by finding the edges e from T and e ′ from T ′ that correspond to vertices in each component of QG P , computing the distance between the corresponding pair of vertices in QG P , and adding the numbers obtained in this fashion for each component of QG P . We observe that this distance computation can be implemented as an algorithm that runs in time O(n 2 ) without explicitly constructing QG P : flip both triangulations to the Delaunay triangulation, find the flips that are used in one but not both of these two flip sequences, and return the number of these flips.
We now describe a technique for estimating flip distances heuristically in any point set. Figure 12 : A set of points, connected in radial order as viewed from its bottom vertex q to form a polygon, and partitioned into triangles by a maximal set of diagonals disjoint from q. No two adjacent triangles form a convex quadrilateral, from which it follows that any two vertices a and b can be connected by a concave chain of diagonals. The shaded region corresponds to a path connecting a to b in the dual graph of the partition. Theorem 5. Let T and T ′ be any two triangulations of the same point set P . Form a complete bipartite graph with the diagonals of T on one side and the diagonals of T ′ on the other, and label the edge between any two diagonals by the distance between those diagonals in QG P . Let M be the minimum weight of a perfect matching in this complete bipartite graph. Then M can be computed in polynomial time, and provides an underestimate of the true flip distance between T and T ′ .
Proof. For any sequence of flips that converts one triangulation T to another T ′ , we may partition the flips into a collection of paths in QG P , in which each path starts at a vertex of QG P representing a diagonal of T and ends at a vertex representing a diagonal of T ′ : at the start of the sequence of flips form a length-0 path for each diagonal in T , and whenever flipping a diagonal xy to another diagonal uv, concatenate the quadrilateral graph edge xy-uv onto the end of the path that previously ended in xy. At each stage of this procedure the current set of paths each start at a vertex representing a diagonal of the current triangulation, so when this procedure finishes processing all flips it will have formed the desired set of paths.
Thus, the total number of flips in the flip sequence must be equal to the total lengths of these paths. The edges in the matching correspond to a set of paths in QG P connecting the same endpoints, with minimum total length among all possible such sets of paths; therefore, the total weight of the matching is an underestimate of the length of any flip sequence.
For instance, consider the hexagon shown on the left of Figure 13 , with QG P shown in the center of the same figure. There are two triangulations of the hexagon that use none of its long diagonals: one, T , using diagonals {ac, ae, ce}, and the other, T ′ , using diagonals {bd, bf, df }. On the right of Figure 13 is a complete bipartite graph with the diagonals {ac, ae, ce} on one side of the bipartition and the diagonals {bd, bf, df } on the other side. It is easily seen that the minimum weight matching in this complete bipartite graph has total weight three. Thus, we can conclude that any flip sequence transforming T to T ′ requires at least three flips. However, the actual flip distance between T and T ′ in this example is four, as can be seen from the flip graph of the hexagon (Figure 14) .
This estimate may be useful in A * -algorithm based heuristic search for the true flip distance between two triangulations, as A * depends on the existence of an estimate that is guaranteed to be an underestimate (Hart et al., 1968) . Additionally, there are some point sets P for which this method is guaranteed to produce the flip distance correctly rather than yielding an inaccurate estimate. For instance, if P has no empty pentagons, then a pair of diagonals from T and T ′ will have finite distance in QG P if and only if they belong to the same tree in QG P , so the minimum weight perfect matching will match each diagonal of T with the unique di- agonal of T ′ in the same tree of QG P . Thus, in this case, our estimate ends up calculating the flip distance exactly. If P is itself a pentagon, also, this estimate can be seen by a simple case analysis to calculate the flip distance exactly. However, whenever P contains an empty hexagon, there exist triangulations T and T ′ for which M is a strict underestimate of the flip distance, because we can embed the two triangulations with diagonals {ac, ae, ce} and {bd, bf, df } from the example above into the empty hexagon of P . Thus, the nonexistence of an empty hexagon is a necessary condition for our estimate to be exact. It would be of interest to determine whether it is also a sufficient condition.
